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Abstract. We first establish an algebraic structure related to zero corvature representations
and propose a new approach for calculating symmetry algebras of integrable systems. Then we
deduce a hierarchy of non-isespectral flows associated with coupled Xdv systems from a spectral
problem with the Laurent polynomial dependent form of the spectral parameter, Furthermore,
the commutator relations of Lax operators corresponding to isospectral and non-isospectral flows
are worked out according to this algebraic structire, and thus a symmetry algebra for coupled
Kdv systems is engendered from this general theory. -

1. Introduction

In general, for a spectral problem, the non-isospectral (A; = A", r 2z 0) hierarchy of vector
fields is the usnal first-order master symmetries [1] of the isospectral (A; = 0) hierarchy
of evolution equations. Moreover, isospectral and non-isospectral flows often constitute a
semi-product Lie algebra of a Kac-Moody algebra and a Virasoro algebra (see, for example,
[2-5]). Furthermore, on the basis of Lax representations, we have shown in Ma [6] that the
hierarchies of two corresponding Lax operators also constitute the same infinite-dimensional
Lie algebra, when integrable systems possess a strong [7] and hereditary [8] symmetry
operator. '

‘In the present paper, we employ zero curvature representations other than Lax
representations to consider integrable systems. We first propose an algebraic structure for
zero curvature representations of integrable systems. Then we briefly derive the isospectral
and non-isospectral hierarchies of integrable systems from a spectral problem with the
Laurent polynomial dependent form of A

g
P+ QY =0 Q=0 N=2"Y wM  vy=-1 g>1
=0

0<1<g—1 ' : (1.1)

where u = (vg, V1,..., vq_l)T. The correspending isospectral hierarchy has been discussed
in Ma [9] and Boiti et ¢ [10] in considerable detai] and is calied a coupled Kdv hierarchy in
Antonowicz and Fordy [11] because of certain coupled Xdv flows of the hierarchy. Finaily
we show that two hierarchies of Lax operators associated with zero curvature representations
constitute an infinite-dimensional Lie algebra, and thus the symmetry algebra of coupled
Kdv hierarchy is deduced.
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2, Algebraic structure of Lax operators of zero curvature representations

Letx,2 € R, u = (uy, uz,...,u)7, w = wi(x,8), 1 € i € ¢g. We denote by B all
complex (or real} functions P{u] = P(x, ¢, 1) which are C*-differentizble with_respect to
x,t and C*-Gateaux differentiable with respect to # = u(x) (as functions of x), and set
B ={(P,..., P)T | P; € B}. Moreover by Vip, we mean all matrix differential operators
W = (W;;)r« of zero order, where W;; € B, 1 < i, j < r, and set i’"{o, =V ®CIA, A1,
For K € B, W & V), and S € BY we define

3 ' 8 ;
K'[8] = aK(u + €8)|e=0 W[S] = ng(u + €5)le=0. 2.1)
It is known (see [12]) that BY forms a Lie algebra under the following product
[X,S]=K'[S] - §'K] K,§5eh, (2.2)

The commutator of two smooth functions f, g € C*°(C) (as vector fields over C) is defined
as

[f el = F'Me() - fR)  AeC. (23)
In fact for f, g, h € C®{C), we easily see that
[0S, D, B] +cycle (f, g.B) = [ f'g — f&', k] +cycle (f, &, 4)
= (f'g~ fgYh~(f'g — F§HH +cycle (f, 2. k)
= (f"gh— fg"k) — (f'gh’ — fe'h) +cycle (f, g, k) =0
and thus the bracket (2.3) indeed defines a Lie algebra structure over C*(C). -
In what follows, we always assume that the spectral operator U = U(u, A) € V[, has

an injective Gateaux derivative operator /' : B7 — ~("m. We consider the spectral problem
¢ =Udp=Uu, )¢ A= fA) G =V =V(u i) - @24

where V € Vi, f € C°(C). Noticing that U; = U’[u;] + AUy, Uy = 9U/8A, we obtain
that the evolution equation u, = K = K{x,t,u), K € BY, possesses a zero curvature
representation corresponding to (2.4)

U - Vi +[U,V]=0 (2.5
if and only if the vector field K satisfies :
U'K1+ f)U, = Vo +[U, VI=0. (2.6)

o~

Definition 2.1.  Let V € V). If there exist K € B and f € C*(C) such that (2.6) holds,
then V is called a Lax operator corresponding to f and K is called an eigenvector field of
V corresponding to f.

Assume that P(U) denotes all triples (V. X, f) € N{’m x BT x C*®(C) satisfying (2.6)
and, for f € C*(C), we set

MU, f)={V € V| 3K e B so that (V, K, f) e PU)}
i.e. all Lax operators corresponding to f, and
EMWU, )= EsM(U, f) ={K € B3V € M(U, f) so that (V, K, f) € P(U)}

ie. all eigenvector fields of M(U, f) corresponding to f. For (V, K, ), (W, §,g) €
P(U), we construct a new operator [V, W] € V{, as follows

BV, Wl= VIS -WIK]+ [V, W]+ V.~ fW, 2.7
which plays a crucial role in our theory.
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Theorem 2.1. Let (V, K, f), (W, S, g) € P(U). Then ([V, W1, [K, 5], [ £, g])) belongs
to P(L/), too, ie.

U'lK, ST+ [ £, g] MU — IV, W1, + [U, v, wll=0 (2.8)

which implies that the operator [V, W] defined by {’2 7) is a Lax operator corresponding to
[£. g] given by (2.3).

Proof. By using the assumption (V, K ) ) (W, S, g) e P(U), we obtain

V.81~ (U, VIS = (WKD[S1+ fU, (8]

’ (2.9a)
WK1 —[U, WI'TK] = (U'IS)Y[K] + gU;[K]

UIK] = Vi — (U, VI — AUL — fUs

(2.9b)
U;L[S] = W — [U, Wl — & Us — gUL,.

Set B = V/[S]— W[K]+[V, W]. We have

[1]

x — [U, 8] = V,[S] = WL IKT+ Ve, W1V, W] = [U, V[S] — WK1+ [V, W]).
In addition,
U, [V, Wl = [V.[U, WI-[W, U, V] = [V, W, ~U'[S]—g U )—[W, V.= U'[K]-FU,]
Therefore by (2.94),(2.958),
x — U, Bl = V;[S1— W,[K] - [U, V'[S] - W[K]]
AV, U'S] + gUn] — [W, U'[K] + fUL] ,
= Vi[S]— W,[K] - [U, VI'IS]+ [U, WY[K]+ glV, U]l — fIW, Up]
= U'[[K, 811+ FULIST — gUs[K] + glV, U] — fIW, Uh] (by (2.9a))

= UK, ST+ f Waa—FIU, Wal—gVa+elU, iI+[ 7, 2] Us  (by (29B)).
(2.10)

[1]

It follows from the equality (2. 10) that (JV, W], [K 5], ﬂ: I g]]) satisfies (2.6) and thus the
proof is completed. lj

By the above theorem, we easily know that if two evolution equaﬁons u = K,uy =8
(K, § € B?) are, respectively, the compatibility conditions of the spectral problems

¢, =Ud A = ai™ Pr = v ve ﬁ{m
é=Ug A = A G = We W e ¥,

where a, b ="constants, m, n = 0, then the product equation u, = [K, S] is the compatibility
condition of the following spectral problem

=Ud  he=ablm—mA™1 g [V, W]
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with [V, W1 = V/[§] — WI[K]+I[V, Wi+ bA"V, — al™W,. Hence we see that
[Mu, 0, MU, 2™] E MU, 0) m 20
Farther we have
MU, 0y, TMLU, O, MU, A" =0 mz0
and thus
[EMU,0), [EMU,0), EM(U,A™M] =0 mz0
provided that MU/, 0) is commutative. This reveals why the non-isospectral vector fields
can become the first-order master symmetries of the isospectral flows. This is usually

shown by complicated calcufation. In addition, through using theorem 2.1 we can obtain
the following two results.

Corollary 2.1. It (Vi, K;, £) € P(U), i =1,2,3. Then
[LVi, V21, V3l — (U, [EV1, V2], Vall] + cycle (Vy, V2, V3) = 0.

Proof. Notice that (B9, [-,-]} and {C*°(C), [, -1} are Lie algebras. The required result
follows theorem 2.1, namely (2.8). |

Corollary 2.2. Let (Vi, Ki, fi) € P(U), i = 1,2,3. If [V;, Vol = Vs and [ 1, 2] = £,
then [Kl, Kz] = K3.

Proof. By theorem 2.1, namely (2.8), and the assumption, we have

U'lLKy, Kall = — [ A, £2] WU+ TV, Vall, — (U, V4, V2]
= — 35U + Vay — [U, V3] = U'[K3].

Thus [K, K] = K5 as U’ is injective. |

Because we assume that U’ is injective, a Lax operator in M(U,0) has only an
eigenvector field corresponding to f = 0. Suppose that U'[K] — V, + [U, V] = 0 and
U'[8] — W, +[U, W] =0, we define

LV, Wlo = V'[S] — W[K]+ [V, W] @.11)

which is well defined. This moment M(U,0) constitutes an algebra with regard to
[ -lo and thus (EM(U,0),[-, -]} is a Lie algebra. Set K(U) = {V ¢ V|V =
[U,V]]. Obviously K(U) is a subspace of M(U,0) and the bracket [-, I over
K{(U) reduces to the matrix commutator [-,-]. Moreover by theorem 2.1, we may
see that [K(U), MU, 0y, MU, 0, KU, & K(U). Therefore K{(U) is an ideal
subalgebra of {(M(U,0),[-,-Je). In this way, we can generate a quotient algebra
(MU, 0 /KU, [, -Jo). By using corollary 2.1, we may acquire the following result,
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Theorem 2.2. The quotient algebra (CL(M(U, 0)) := MU, 0/K (T, [-,-Tp) is a Lie
algebra and isomorphic to the Lie algebra {EM(U, 0), {-, -]} under the mapping

g CLIMU,00) = MU, 0)/KUy > EMU,0)

CL(V) := {W e MU,0)|W -V e KN} = K

where V € M(U,0), K € EM(U, 0) satisfy U'[K]— V. + [U,V]=0.

This theorem also implies that an equation #, = K (I/'[K] — V. + [U, V] = O) only
possesses a set CL(V) of Lax operators. A similar result for L—A—B triad representations
of integrable systems_has been established in [13]. In the next section we shall use the
above theory of Lax operators to discuss the case of coupled Kdv systems. In particular,
by using corollary 2.2 of theorem 2.1, we know that we may calculate the algebra relations
of the corresponding Lax operators to give the symmetry algebras of integrable systems.

3. The non-isospectral flows and Lax operator algebra of coupled Kdv systems

Let us now consider the spectral problem (1.1) with the potential ¥ = (v, vy, - .., vq..l)T.
Setting v = ¢, ¥ = ¢n, then (1.1) may be rewritten as
o ¢ 1
= U = U = N 3.1

Suppose that the associated problem is as follows
=ve  v=[lo ‘yu|T
Clearly the compatibility condition U, — V; + [U, V] = 0 in this case gives equivalently
| o —Lly@ v =y _ gy® 0, = -V® _20vV®,
Therefore, we have
Q: =2D[(;D* + @ — 512 )V?)

where D = 8/8x, [ = f*_dx’, DI = 1D = 1. We make

Ry =38, D + v — 31v; 0<igyg. (3.2)
Note that R, = —1. Eventually we arrive at

g-1 o4 . q . :

Y ud + Y G- DT =2D ) RV, (3.3)

i=0 i=0 =0
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3.1. The isospectral (A, = 0) case
We choose that

g-1
=0 j<0 a=1 g=) Ray, J2l (34
i=0

Then we set
yao oy g & .
Vin = [V'?a) —yw V=D e
f [ i=0 mz0. (3.5)
1 2 _ 2 V)
VO =8 VR =—1v3, - 0¥
Because R, = —1, we have

2 -1 i=g+m
Y Rigjimi = 0 cig

which is equivalent to (3.4) in fact. In this way, we see that

g . g—1 i . g+m g i
20y RAMVP=2D)" ( > R,ap,m_f).x' +2D) ( > Rja,-;,,,_,-)x'
i=0 j=0 I=g ™ j=0

i=0
g—1 i .
=2D (Z R,-a,-+m_;) AL
=0 N j=0

Hence the equality (3.3) gives an isospectral (i, = 0) hierarchy of evolution equations

g-2 T
u=Kn,=2D (Roam Ro@m-1 + Ri1m, - ., Z Riljrm—q+2:s am+1) m 2z 0.
=0

From the above deduction, we know that {a;}22, in (3.5) is unique except a constant multiple
when the integral constants are selected as zero. Let

0 0 .- 0 R
i 0 -~ 0 R

®={0 1 .- 0 R 3.6)
0 0 .- 1 R,

with Rf = 38:D% + v; + Lvil, 0 < i € g — 1, which are the conjugate operators of
Ri, 0 £i € g— 1. Here @ has been proved to be a hereditary symmetry (see [9-11]).
Since DR; = R D, 0 <i < g — 1, the isospectral hierarchy becomes

ty=Kp = PKp1 =+ =9"Kp = ®"u, mz0 (3.7)

by which & is also a common strong symmetry of the whole hierarchy according to
the result from Fuchssteiner [8]. It is clear that the coupled Kdv hierarchy (3.7) with
g = 1 (simultaneously / = 0) is just the Xdv hierarchy of integrable systems (see [14] for
example). For this coupled kdv hierarchy (3.7), many integrable properties such as multi-
Hamiltonian structures, Miura maps, modified systems and compatible Poisson brackets
have been presented in [9-11, 15, 16].
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3.2. The non-isospectral (A, = A**1, n 2 0) case
In this case, we choose that
b;=0 = j<0 by = 5(g — )x

g—1
by =L - q+z;1vq_,+zm.+,q izl (38
. N . ‘

where v; =0, [ < 0. Then we set
wo  we . .
[ W W WP =3 bt
n j=0 nz0 (3.9)
WO i@ WO = 4w, — o

This moment (3.3) becomes

g=1 g+n
Z v Al + E(z — 1 — m)a A + Z(z —i— n)v[_,,)u‘
=0l Ci=g
g+
= DZ (ZR b,,+,,~,)x +2D) (ZR By in— )
j=0 i=q

Since we have

q -
G — 1= n)vin =2D)  Ribjpn-i g<i<qg+n
=0
equivalent to (3.8) in fact, the non-isospectral hierarchy of flows reads as

uy =0, =2D (%(z + 1) Iv_y + Robn, 5( +n— DIvi_y + Robpy

. q-2 T
+ Riby, ..., %(Z +n—g +2)1Ug-2—u +Z Ribjn—gi2, bn+1) nzQ

=0
Further we may obtain ]
u =0, =P == Py nz0 (3.10a)
with _
o = ( qvo + 2(g — Dxvos, (g — Doy + 2g = Dxvng, ..., vgo1 + 2(g = Dxvg-, x)

(3.105)

Below we want to verify that two hierarchies of Lax operators {Va)o . {Wa]32,
constitute an infinite-dimensional Lie algebra with regard to the product (2.7} and thus
we will generate the symmetry algebra of coupled Kdv systems (3.7). Let

R, i _
B(\) = [B = Zaj)\-n_”” 20,4,eB,0<j< n}

i=0

yay  y@ ~
Zexay = {V = [VG) _Vm] €V (VP e B(J»)}

Proposition 3.1. Let U be given by (3.1). If ¥ € Zeggv N MU, 0) and V{,—p = 0, then
V=0
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FProof. Assume that

= l:gig _V‘;-zf)l):l = [E:: Zf iogfﬁn_j] € Zcx{d_v
and K = (K1, ..., Kp)T € B? such that U'[K] — V, + [U, V] = 0. Analogously to the
deduction of the lsospectral hierarchy (3.7), we may obtain
v = _Ly® Ve = —%V;f) -Qov®@ 311
Z Kiph = ZDZ (ZR a,+,,_;)x +ZDZ(ZO Ry aﬂ_,,_;)
e

Therefore we have

g
DZRjﬂj+n—i=0 gsi<qg+n.
=0

It follows that V® = 0 since R, = —1 and V@[, = 0. Also by 3.11), VIV = V@ =0.
In this way, V = 0. [}

Denote by Py, the projection over ﬁ(%):

cw—| W Wi 2

For any

vy y@
Sly® _yw

if (V,K, ), (W,S,g) e P), then we can find

Wi we ~
= [wm _Wu,] e Vi, K,S5eB, f,g€C®(C)
PV, WD) = VO'[S] - W' [K] + VOWD — vOWD 1 ov® — w2, (3.13)
Therefore we can easily obtain

Proposition 3.2. 'The functions Pia([Vin, Vo), Pr2([Vim, W1}, P2(IWpe, W, 1), m.1 2 0,
all belong to the space B(\) and thus the operators EVi, Vi3, [V, Well, Wy, Wal, m, 2 2
0, are all among the space Zcgav-

Tt is easy to see that for m, n 20,

Km |M=O = o'nlu:D = 0 Qlu=0 = —A_q—!

0 1 0 -
Vialu=o = |:}Lq—l 0} A" Vedu=0 = (Vi lu=ohs = [(q -1 +m))Lq" ’g] Amt

1 2x
Walu=o = Z(q £y [leq—I 1 illn

_ 1 - 2nx | am1
Waslu=0 = (Wy|u=o)r = Z(q -1 [2((] —1+ n)xlq'l n ]l .
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Proposition 3.3. For m,n 2z 0, we have

]Ivm, Vn}] §u=0 =0 m, i1 } 0
[V, Wal =0 = [3(¢ — D) + m)Vipinlu=o  m,n 20
IWa, Wil lu—o = (m — R) Wiy nlu=o m,n 20,

Proof. Let m,n 2 (0. We can calculate that

[V, Wrz]] lu=0 = [Vm[u=01 Wnlu:ﬂ]] = [Vm|u=ﬂs Wnlu:ﬂ] + ln-{-lellu:O

0 g -1 0 m
— 2 m+n m+n
- [—%(q—l)l‘f" 0 ]A +[(q—l+m))u?"f o:l’L

= [%(q — )+ m]Vpinlu=o-
The rest may be proved similarly. ) O

Now we give the concrete form of Lax operator algebra of coupled Kdv systems.

Theorem 3.1. Let Vi, W,, m,n 2 0, be given by (3.5), (3.9), respectively. Then their
commutator relations defined by (2.7) are as follows

[V, ViI=0 m,n 20 ) (3.14a)
Ve, Wel=[3(g D+ mlVinw m,n20 (3.148)
[Woo Wl = (1 =)W m,n 20 (3.14¢)

which implies that the two hierarchies of Lax operators {Via}orp, {Wa}52, associated with
coupled KdV systems constitute an infinite-dimensional Lie algebra under the product (2.7).

Proof. We only verify (3.145) since the proofs of the relations are completely similar.
By theorem 2.1, V = [Vi, V] — [%(q — I} + m]Vip4n belongs to M(U, 0). Besides, we
have V & Zeggy and V],—¢ = 0 by propositions 3.2 and 3.3, respectively. It follows
from the first proposition that V' is a zero operator, which is exactly (3.146). The proof is
completed. a

We remark that the Gateaux derivative U’ : B? — V(zo} is injective. Therefore we can
obtain a Lie algebra of isospectral and non-isospectral vector fields.

Corollary 3.1 Let K, 0y, m, n 20, be given by (3.7), and (3.10), respectively. Then

(K, Kn) =0 m,rz=0
[Km, 0] = [5(g — D) + mIKin m.n >0
[Om.0p] = (m — n)op 1y m,n 0.

From this corollary we can immediately deduce the following symmetry algebra of
coupled Kdv systems (3.7).
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Theorem 3.2. Let Ky, 0, m, 1 2 0, be determined by (3.7) and (3.10), respectively. Then
every integrable system u, = K;(s > () possesses a hierarchy K-symmetties of {K,157,
and a hierarchy of z-symmetries 7 = {[3(g — !) + s}t Knis + 0}, which constitute an
infinite-dimensional Lie algebra with the commutator relations

[Kim, K] =0 mnz0
(Kmo T =g — D +m]Kpsn  mn>0

£, 191 = (m —n)r,ffj_n m,n =0.

Theorem 3.2 alsc shows that {0,}52, given by (3.10) is common master symmetries
of first-order for all coupled KdV systems in (3.7). We point out that the above symmetry
algebra may be acquired by using the skeleton of Ma [4] and Oevel [5]. But here it is more
natural to generate the symmetry algebra on the basis of zero curvature representations.
Moreover, the Lax operator algebra hidden in the back of the symmetry algebra is exposed.
In fact, it is because isospectral (A; = 0) and non-isospectral {A, = A", n > 0) Lax operators
constitute a Lie algebra under the product (2.7} introduced in section 2 that isospectral
integrable systems possess a symmetry algebra. We will give a fuller description of this
property related to zero curvature representations in a future publication.
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